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■ Abstract. Given a discrete subgroup of the isometries of n-dimensional hy- 

perbolic space there is always a region kept precisely invariant under the stabi- 
lizer of a parabolic fixed point, called the Margulis region. While in dimensions 
2 and 3 this region is a horoball, it has in general a more complicated shape 
due to the existence of screw parabolic elements in higher dimensions. In fact, 
in a discrete group acting on hyperbolic 4-space containing a screw parabolic 
element with irrational rotation, the corresponding Margulis region does not 
contain a horoball ISus02l . In this paper we describe the asymptotic behavior 
of the boundary of the Margulis region when the irrational screw parabolic is 
of bounded type. As a corollary we show that the region is quasi-isometric to a 
horoball. Although it is shown in IKimlll that two screw parabolic isometries 
with irrational rotation are not conjugate by any quasi-isometry of H*, this 
corollary implies that their corresponding Margulis regions (in the bounded 
type case) are quasi-isometric. 

1. Introduction 

Let G be a discrete subgroup of Isom(]HI"), the group of orientation preserving 
isometries of hyperbolic n-space. We are interested in regions in H" which are 
precisely invariant under the stabilizer Gq, of a parabolic fixed point a in G. 

In dimensions 2 and 3 there is always a precisely invariant horoball for each 
parabolic fixed point. This follows from Shimizu's lemma }Shi63j : the radii of 
isometric spheres of the elements in G not fixing a are uniformly bounded by 
a constant. Although Shimizu's lemma generalizes to higher dimensions in the 
special case where the parabolic element 5 is a pure parabolic (i.e. conjugate to a 
translation), it does not hold in general. In hyperbolic space of dimension 4 and 
higher there are parabolic elements with a rotational part, called screw parabolic 
elements. Ohtake f Oht85| showed that when G contains a screw parabolic element 
with irrational rotational part there is no uniform bound on the radii of the isometric 
spheres. In fact, Apanasov |Apa85| has shown that in discrete groups containing 
such an element, there may not be a precisely invariant horoball. 

In all dimensions there is a region precisely invariant under the stabilizer of a 
parabolic fixed point a, called the Margulis region. This region consists of the 
points in H" that are moved at most a distance e by an element of infinite order in 
the stabilizer of a. When e is small enough (smaller than the Margulis constant) 
it follows from Margulis Lemma that this region is precisely invariant under Gq. 
In dimensions 2 and 3 the Margulis region corresponding to a parabolic fixed point 
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is a horoball. In higher dimensions it has in general a more comphcated shape. 
In |Sus02j Susskind gives an exphcit description of the Marguhs region in = 
{(x,?/, : u > 0} for a discrete group containing an irrational screw parabolic 
element. The shape of the boundary of this region is given by a function u = b{r) 
where r = \/ +2/^ and is related to the continued fraction representation of 
the irrational angle of rotation. In this paper we use Susskind's results to further 
describe the shape of the Margulis region when the irrational rotation is of bounded 
type, i.e. when the partial quotients in its continued fraction representation are 
uniformly bounded. We first describe the asymptotic behavior of the boundary of 
the region by showing that the function b{r) is comparable to y/r (Theorem 13. 9p . 
As a consequence we show that there is a quasi-isometry of which maps the 
Margulis region to a horoball and we say that the two regions are quasi-isometric in 
('Corollarv l4.4p . It should be noted that two irrational screw parabolic elements 
are not conjugate to each other by any quasi-isometry of H'*, as shown in |Kimllj . 
However, Corollary 14.41 implies that the Margulis regions of two irrational screw 
parabolic elements, in the bounded type case, are quasi- isometric in H'*. 

The author wishes to thank Perry Susskind and Saeed Zakeri for helpful con- 
versations, comments, and corrections which greatly aided the completion of this 
paper. The author would also like to thank her advisor Ara Basmajian for his help 
and encouragement throughout this work. The results of this paper are contained 
in the doctoral dissertation |Erll2) . 

2. Background 

Let = {{x,y, z,u) e M"* : u > 0} denote the upper half space model of 
hyperbolic 4-space, and Isom(H'*) its orientation-preserving isometry group. We 
identify Isom(]HI^) with the orientation-preserving Mobius group of the boundary 
at infinity R"^, with the usual Poincare extension to M*. An isometry is called 
parabolic if it fixes exactly one point on the boundary. A parabolic isometry g 
is conjugate (in the Mobius group) to an element of the form p i— > Ap + a where 
A € 50(3) and a g R'^ — {0}. If A = /, then this is a translation and we call g 
a pure parabolic element. Otherwise we call g a screw parabolic element. We say 
that g is an irrational screw parabolic element if A has infinite order and rational 
if A ^ I has finite order. If g is screw parabolic, its axis of rotation is the unique 
Euclidean line kept invariant under its action on the boundary and g rotates around 
and translates along this axis. When the angle of rotation is an irrational multiple 
of 27r, g is an irrational screw parabolic element. (See |Bea83j and |Mas88j for more 
background on hyperbolic space.) 

A (closed) horoball based at oo is a region of the form {(x, y, z, u) G | w > t} 
for some t > 0, called the height of the horoball. A horoball based at a finite point 
a € E'^ is the isometric image of such a region and hence is bounded by a Euclidean 
sphere tangent to dW^ at a. 

Suppose G is a subgroup of Isom(H"') containing a parabolic element g with fixed 
point a. Let Ga be the stabilizer of a in G. A set X is said to be precisely invariant 
under G^ in G if h{X) = X for all h £ G^ and f{X) f] ^ = for aU / e G - G^. 

Let e > be given. The Margulis region corresponding to the parabolic fixed 
point a is defined to be the set of points 

{PeM^ : p{P,g{P)) < e for some g e Ga of infinite order} 
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where p{-,-) is the hyperboUc metric. Let e{n) denote the Margulis constant. As 
a consequence of the Marguhs Lemma, if e < e{n) this region is precisely invariant 
under Ga (see (Bow93) ). 

Since the Marguhs region only depends on the infinite order elements in Ga and 
parabolic and loxodromic elements cannot share a fixed point in a discrete group 
[Bow93' , we can assume that Ga only contains parabolic elements. Moreover, a 
parabolic subgroup containing an irrational screw parabolic element must be of 
rank one, and hence generated by such an element [Kimllj . If Ga is generated by 
pure parabolic elements then the Margulis region is a horoball. If Ga contains a 
rational screw parabolic then it has a finite index subgroup for which the Margulis 
region is a horoball (the Margulis region for Ga is in general slightly different from 
a horoball and we will briefly return to this case below). Hence the interesting 
case is when Ga contains an irrational screw parabolic element g, and since it is 
necessarily of rank 1 we will assume that Ga =< g >■ Therefore, the Margulis 
region corresponding to Ga is 

Tg^iPeW^ : p{P, g^{P)) < e for some k e N}. 

By conjugating if necessary, we can assume that g has fixed point cxi and the 
z-axis as its axis of rotation. Set 



g{x,y, z,u) = (x cos — y sin 0, x sin 9 + y cos 6, z + V2, 



u 



where 6 G (0, 2tt) is an irrational multiple of 2tt. 

In jSus02j Susskind gives an explicit description for the boundary of Tg, which 
we will describe next. Using the hyperbolic distance formula (see |Bea83| ) 

cosh{p{P,Q))^l+^-^^-^ 
luu\ 

where P — (a;, y, z, u) and Q = (xi, j/i, Zi, U\) it follows that 

, / . h, (1 — cosfc0)r^ + A:^ 
cosh {p{P,g\P))) = 1 + ^ ^ 



where r = \J x^ + y^- Since p{-, •) < e if and only if cosh (p(-, ■))<! + £ for some 
E > 0, P G Tg if and only if the above quantity is less than or equal to 1 + E for 
some k. It follows that P e Tg if and only if 

Eu^ > {1 - cos k0)r^ + k^ 

for some k and hence the boundary of the Margulis region is given by 



dTg^{ix,y,z,u) eM^ : u ^ b{y/x^ + y^)} 

where 

b{r) = inf {ufc(r)} 

fcGN 

and 

Uk(r) — —;= x/ (I — COS k9)r^ + k"^ 

Ve 

for r > 0, fc e N (see |Sus02j for more details). The positive constant E depends 
only on the Margulis constant e(n). 

Before continuing describing the function b(r) when the rotational angle is irra- 
tional, we will briefly discuss the case when g is a, rational screw parabolic element. 
Clearly the computations above still hold for such an element. Let I be the finite 
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order of the rational rotation of g. Note that Ufe(r) > k/^/E for all fc,r > and 
Uk{r) — ^ oo as r -> oo for all < fc < ri. Since ui{r) = IjyfE it follows that 
6(r) = Ij^/E for all large r. Hence h(r) is eventually horizontal and the Margulis 
region is asymptotic to a horoball. 

We now return to the case where g is an irrational screw parabolic. Some basic 
properties of the functions Uk{r) follow: 

Lemma 2.1 ( fSus02) Lemma 4). For each k, the function Ufc(r) is uniformly con- 
tinuous, differentiahle, strictly increasing, convex, and, 

(1) {Mfc(O)} is an increasing sequence 

(2) the collection of graphs {ufe(r)} do not accumulate anywhere 

(3) the graphs of Um{r) and Uk{r) intersect at most once 

(4) for m > k, Um(ro) = Uk{ro) if and only if cos{m9) > cos{kO) and 

2 — k^ 

° cos{m6) — cos{n6) 

(5) if m > k and Um{ro) — Mfe(ro) then Uk{r) < Um{r) for all r < r^ and 
Uk{r) > u„i{r) for all r > ra 

The function 6(r) is uniformly continuous and strictly increasing. In fact, 6(r) — > 
c» as r — > cx). Hence, in particular, the Margulis region contains no horoball. 
Moreover: 

Theorem 2.2 ( |Sus02j Theo rem 6). There is a sequence {rm} of real numbers 
= tq < 7'i < • • • < < ■ ■ • where — )■ cx), and a strictly increasing sequence 
{kjn} of positive integers such that the function b{r) 

(1) consists of pieces of Uk{r) for infinitely many k, that is, 

b{r) = Uk^{r) forr € [r„_i,r,„]; 

(2) is locally convex and is differentiahle except at the countably many points 
rm- At these points Uk^_^{r„i) = Ufc„(r„i); 

(3) appears concave in the large, that is, b'{r) :— u'j, {r+) — > as r oo and 
b'{r) > for all r. 

If for some k the curve Uk{r) meets b{r) at an isolated point (which is possible 
if more than two curves meet at a point) then we will not consider Uk{r) as a 
constituent part of 6(r). 

There is a connection between the constituent pieces of b(r) and continued frac- 
tions. Let X be the irrational number 9/21: and [oq, ai, a2, 03, ...] be a; expressed as 
an infinite continued fraction. We say x is of hounded type if the partial quotients 
a„ are uniformly bounded, i.e. there exists a constant D such that an < D for all 
n. The rational number Xn = Pnlln — [oo; 11, 02, a„], for n > 0, is called the n'^ 
convergent of x. The sequence of denominators of the convergents is a strictly 
increasing sequence of positive integers, i.e. 

< g„ < 

for all n. Also, by defining q^2 = 1 and q^i = 0, the denominators satisfy the 
recursive formula (see [PZTI] ) 

Qn+l = an+lQn + Qn-l- (2.1) 

The functions Uk^ (r) that appear as a constituent piece of b{r) are related to the 
continued fraction expansion of x in the following way: 
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Theorem 2.3 ( jSus02| Theo rem 8). // b{r) — Uq{r) for some r > 0, then q is the 
denominator of a convergent of x. 

Hence, if Uk,n_^{r) and Uk^{r) are two consecutive constituent pieces of 
then krn-i = qi and km = 9n for some I < n. 

3. Asymptotic behavior of b(r) 

We are interested in the coarse shape of the Marguhs region and hence we wiU 
look at the asymptotic behavior of the function b{r). As mentioned above, Susskind 
[Sus02| showed that the graph of b{r) appears concave in the large. Here we will 
show, when 9 is of bounded type, that the graph roughly behaves like ^/r. More 
precisely, we will show that b{r)/y^ is bounded for large r (see Theorem 13. 9p . 

By Theorem 12.31 the indices k of the curves Uk (r) that appear as constituent 
pieces of b{r) are denominators of the convergents of a; = 6/2tt. As before, let 
[ao, ai, a2, as, ...] be the continued fraction expansion of x and denote the denomi- 
nator of the n*'' convergent by g„. For ease of notation we will from here on denote 
the curve Uq^ (r) by w„ (r) , that is 

Vn = (1 - COS g„6')r2 + . 

For integers fc > define 

||fc6'|| = min{|fc6' - 2ttp\ -.pel.}. 

Since 9 is an irrational multiple of 27r any orbit under rotation by 9 is dense on the 
unit circle. In particular, \\k9\\ comes close to (equivalently, e*'^^ comes close to 1) 
for infinitely many values of k. A closest return moment jPZllj of the orbit {e**^^} 
is an integer q > such that \\q9\\ < \\k9\\ for all < fc < g. Since 9 is irrational, 
there are infinitely many closest return moments, in fact: 

Theorem 3.1 ( [PZllj ). The denominators {g„} of the convergents of x = 9/2tt 
constitute the closest return moments of any orbit under rotation by 9. 

This fact is the main ingredient in proving that the constituent pieces of b{r) are 
indexed by denominators of convergents (Theorem 12. 3p . Fix r and suppose b{r) = 
Uq{r). Then, for all k < q, we have Ug(r) < Uk{r) and it follows from the equation 
defining w„ that 1 — cosq9 < 1 — cosk9. Hence \\q9\\ < \\k9\\ for all k < n. That is, 
5 is a closest return moment and therefore a denominator of a convergent. 

Hence q„6' are the angles of interest, and we will use the following facts about 
their norms: 

Lemma 3.2 ( [PZllj ). For every n>l, 

(1) < hn+M < \\qn9\\ 

(2) \\qr,9\\ = a„+2|kn+i6'|| + lkn+26'll 

(3) < Ml < 

qn+l Qn+1 

Note that for m > n, \\qmd\\ < ||<?n^|| implies that cos qm9 > cos(7„6' so that by 
Lemma 1, Vmif) and Vn(r) must always intersect. We have the following condition 
for determining whether or not w„(r) is a constituent piece of b{r): 

Lemma 3.3. Fix n and let rm, for each m, correspond to the intersection point of 
Vn{r) and u,„(r). Then v„(r) does not appear as a constituent piece of b(r) if and 
only if there exist integers k,m,k < n < m such that r^ > r^- 
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Proof. Suppose there exist integers k,m,k < n < ni such that rk > rm- Then by 
property 5 of Lemma [2.11 Vk{r) < Vn{r) for r < rk and Wm(r) < w„(r) for r > rm- 
Since > rm the curve v{r) = min{t;fc(r), Um(r)} hes strictly below Vn{r) either 
for aU r (if r^ > rm) or for all r ^ r^ (if rk = rm)- In either case Vn{r) is not a 
constituent piece of b{r). 

Conversely, suppose does not appear as a constituent part of b{r). Then 

Vk{r) and Vm{f) are consecutive pieces of b{r) for some k < n < m- Since k < n < m 
it follows from property 5 of Lemma 12.11 that w„ (r) < Vk (r) for all r > rk and 
Vnif) < Vmir) for all r < rm- In order for w„(r) to not be a constituent part of b{r) 
we must have rk > rm- O 

3.1. Bounded Type. Throughout this section we will assume that x = 6'/27r is of 
bounded type, i.e. that there is a constant D such that a„ < D for all n- Under 
this assumption we will show that the function b{r) is comparable to ypr- 

Definition 3.4. Let F and G be functions of m. We say that F is comparable to 
G if there exist positive constants ki , and M such that 

kiG{m) < F{m) < k2G{m) 

for all m> M - 

The constants ki and /c2 will only depend on D, the uniform bound on the partial 
quotients an- Note that the notion of functions being comparable is a transitive 
property. 

The bounded type assumption implies that the denominators of the convergents 
of X do not grow too fast: 

Lemma 3.5. Fix an integer k > 0- Then Qn+k is comparable to g„. In particular, 

Qn < Qn+k < {D + l)''qn- 

Proof. Fix an integer fc > 0. Clearly, since {qn} is an increasing sequence, q„ < 
Qn+k- Moreover, using a„ < £> for all n together with the recursive formula (|2.ip . 
we have qn+i < Dqn + qn-i < {D + l)qn- By induction it follows that qn+k < {D + 
1)^„. ' □ 

We will describe the asymptotic behavior of b{r) by first studying the behavior of 
certain intersection points of the functions Vn{r), namely the intersection of Vn{r) 
and Vn+2if)- Denote the r— coordinate of this point by that is: 

2 2 
^2 _ qn+2 ~ qn 

" cos{qn+26) - cos{qnO) ' 



Proposition 3.6. r„ is comparable to 

The proof of the proposition will follow immediately from the following two 
lemmas, where we look at the numerator and denominator in the expression for 
separately. 

Lemma 3.7. qn+2 ^ qn comparable to 
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Proof. Note that 

9n+2 - 9n = iQn+2 + qn){qn+2 - 9n)- 

Clearly, since {q„} is an increasing sequence, 

Qn < qn+2 +qn < 2g„+2 (3.1) 

and hence, using the inequality from Lemma |3.5[ we have 

qn < qn+2 + qn < 2{D + l)^g„. 
Also, by the recursive formula, f)2. 1|) . Qn-\-2 Qn — ^n-\-2Qn-\-i 

where 1 < a„+2 < D 

and so 

qn+l < '7ri+2 ^ 9ri < -D^n+l. 

Using the fact that qn < qn+i together with Lemma l375l we have 

qn < qn+2 - qn < D{D + l)g„. (3.2) 
Putting p.ip and p.2p together we have 

ql<ql+2-ql<'iD{D + lfql 

as desired. 



□ 



Lemma 3.8. cos((/'„+2^) — cos{qnO) is comparable to l/?^ 
Proof. Suppose < a < 6 < tt/2. By the mean value theorem. 



cos a — cos b 

= smc 



a — b 

for some a < c < b. Note that 

2 sin c 

- < < 1 

TT C 

for < c < 7r/2. Choose N such that ||g„6'|| < n/2 for all n > N. Letting n> N, 
a = \\qn+2d\\, b = \ \qn0\\, and using Lemma p. 21) we have 

2|| ^ cos(g„+2g) - cos(g„0) ^ 

TT a„+2||q„+it^|| 

Therefore 

cos(q„+26') - cos(g„6') < a„+2||'?n6'||||(7„+i6'|| 
and by property 3 of Lemma 13.21 together with the bounded type assumption we 
get 



cos{qn+2d) - cos(g„6') < < 

qn+iqn+2 qn 



2 

cos((7„+26') - cos(g„6') > -a„+2|| 

TT 



Also by 



and hence by property 3 of Lemma 13.21 and the inequality from Lemma 13.5 

r t 27r 27r 
cos(g„+26') - cos{qn9) > > 



qn+2qn+3 {D + ifq^ 
We can now describe the asymptotic behavior of b{r): 



□ 
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Theorem 3.9. The function b{r) is comparable to y^. 
Proof. By Proposition 13.61 choose N such that 

hql < Tn < k2ql 

for all n > N, where r„ as before corresponds to the intersection of Vn{r) and 
Vn+2{i") and ki,k2 are positive constants. Choose R large enough so that b{R) — 
Vm{R) for some m > N and fix r > R. Suppose b(r) — Vn(r). (If r corresponds 
to an intersection point of two or more curves, choose f„ to be the curve such that 
&(r+) = Vn{r+)). 

Since Vn is a constituent piece of b{r) it follows by Lemma l331 that r„_2 < r < r„. 
Hence, by Proposition 13.61 



kiql-2 <r < k2ql. 
In fact, by Lemma qn-2 > qn/{D + 1)^ and hence 



ql<r< k2ql. (3.4) 



(i? + l)4^" 

In particular > r/k2 and we immediately get the lower bound 

I I 1 

Kr) = — V(l -cosg„6l)r2 +9.2 > — q„ > 



For the upper bound, note that for llgn^*!! < ti'/Z 

1 - cosine* < 

and hence, using Lemma 13.21 and the fact that {<7„} is an increasing sequence, 

n 27r2 27r2 
1 - cosqnO < — — < 

9n+l 9n 

It follows from the above inequality together with the upper bound for r in (|3.4p 
that 

1 r, 7^^^ 77 1 



6(r) = -v/(l-cosg„(?)r2+g2 < _ ( ^/2fc2^2 + 1 ) g„ 



Also, from the lower bound in p.4|) we have q„ < {{D + 1)^ /^/kl)^/r and hence 
b{r) < 1 (".^fclvr^ + l' 



□ 



As has been the case throughout this section, the constants bounding b{r)/^Jr 
(for large r) only depend on D. However, the constant R in the proof above (unlike 
the constant N) could in general depend on the particular angle 9. 
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4. QUASI-ISOMETRIES AND THE MARGULIS REGION 



Let B = {{x,y, z,u) G M'^ : u > 1} denote the (closed) horoball based at oo 
of height 1 in H^. As a corollary to Theorem 13.91 we will show that the Margulis 
region Tg, where g is an irrational screw parabolic element of bounded type, is 
quasi-isometric to B in H^. 

Definition 4.1. A map f : X -^Y between two metric spaces {X, di) and {Y, ^2) 

is a quasi- is ometry if there exist constants A > 1 and C, M > such that 

(1) for ah x,yeX, {di{x,y) -C < d2{f{x)J{y)) < Xdi{x,y) + C, and 

(2) for ah y eY, d2{y, f{x)) < M for some x e X. 

We say that two submanifolds V and W of H'^ are quasi-isometric in if there 
exists a quasi-isometry / : H"' — > H'' such that f{V) = W. 

Theorem 13.91 shows, in the bounded type case, that b{r) / y/r is bounded for 
sufficiently large r. Clearly it is not bounded for all r > since there is no upper 
bound for r-values in a neighborhood of 0. However, if we replace by a function 
that is asymptotic to ^yr as r — )■ 00 and for which this ratio is bounded for small r, 
we can extend the bound to all non-negative r. Let a(r) be such a function. Then 
^/r/a{r) is bounded for large r. Hence, since 



a(r) y/r a{r) 

there exists a constant R such that h{r)/a{r) is bounded by positive constants for 
all r > R. By the assumption that b{r)/a{r) is bounded for small r we have 



for all r > for some constants A,B > 0. 

For any function a(r) with the properties described, define 



Lemma 4.2. Let g be an irrational screw parabolic element of bounded type. Then 
the Margulis region Tg and the region Sa are quasi-isometric in M*. 



where r = y/x"^ + y^- Clearly / is surjective and f{Sa) = Tg. 

As noted above, there exists positive constants A and B such that A < b{r) /a{r) < 



B for all r > 0. Let C = max{| In A|, | lnB|}. Then (see |Bea83) '). for any point 

P — {x, y, z, u) in H^, 



b{r) b{r) ^/r 



Sa = {{x, y,z,u)eM^ : u> a{^x^ + y^)}. 
We will first show that Tg and Sa are quasi-isometric in H*. 



Proof. Let / : H"* ^ such that 




p{PJ{P))= In^ <C. 

a(r) 



(4.1) 
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and hence by (|4.1|) 

pif{P)JiQ))<piP,Q) + 2C. 

Similarly, 

PiP, Q) < PiP, f{P)) + pif{P)jm + p{f{Q),Q) 

and hence 

piP,Q)<pifiP)J{Q)) + 2C. 

Therefore 

piP, Q)~2C< p{f{P), f{Q)) < p{P, Q) + 2C 
and / is the desired quasi-isometry. □ 

We will next find a quasi-isometry of H'* that maps the horoball S to a region of 
the form Sa- Let cr > and define K^a ■ H" H" such that /i„,^ : P ^ \P\''-^P. 
It is known (see |BasOO| . |Coo95j ) that hn^cr is a bilipschitz map onto H" with 
constant a or 1/cr depending on if cr > 1 or ct < 1, respectively. Consider the 
following modification of the map in dimension 4: 

h : (x, y, z, u) i— > X{x, y, z, u) where A = \/ x'^ + y'^ + u'^ . 

By identifying with {{x, y, z,u) \ z = 0} in H**, note that h\^3 — /i3 2 and hence 
h is bilipschitz with constant 2 if restricted to this slice. We claim that h is in fact 
bilipschitz in H"*. 

Proposition 4.3. h : {x,y,z,u) 1—^ X{x,y,z,u) where X = y^x"^ + y^ + u'^ is a 
bilipschitz map of H'* . 

Proof. Let P, Q G H**. By composing with an isometry assume that P = (0, 0, 0, u) 
and Q = {x, y, z, u) where u < u. Define Q — {x, y, 0, u). Note that 

/i(P) = (0,0,0,^2), 

hiQ) = (Ax, Xy, Xz, Au), 

h{Q) = (Ax, Ay, 0, Aw) 

where A = -^/x^ + + u^. 

Since P, Q G and h\jj3 is bilipschitz with constant 2, 

ip(P, Q) < pihiP),h{Q)) < 2p(P, Q). (4.2) 
Using the distance formula (see |Bea83| ) 

p(P„P2) = 2sinh- 0-^^) 

(where u\ and U2 are the u-coordinates of the points Pi and P2, respectively), it 
easily follows that 

p{QM)^p(h{Q),h{Q)). (4.3) 

Also, using the same formula along with the fact that sinh~^(-) is a strictly 
increasing function, simple calculations show that p(P, Q) < p{P, Q) and, since 
u>u, that p{Q, Q) < p{P, Q). Hence 

P(P, Q) < P{P, Q) + PiQ, Q) < 2p(P, Q). (4.4) 
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Similarly, using the sinli ^(•) formula for •) we easily observe that p{h{P), h{Q)) < 
p{h{P) , h{Q)) , and since Au > > we also observe that p{h{Q),h{Q)) < 
p{h{P),h{Q)). It follows that 

p{h{P), h{Q)) < p{h{P), h{Q)) + p{h{Q), h{Q)) < 2p{h{P), h{Q)). (4.5) 

We now have: 

p{h{P), h{Q)) < p{h{P),h{Q)) + p{h{Q, HQ)) (by 63D) 

< 2p(P, Q) + p{Q, Q) (by 63) and 63)) 

<2(p(P,Q)+p(Q,Q)^ 



<4p(P,g) (by 621) 

and 

p{h{P), h{Q)) > i (p(/i(P), HQ)) + p{HQ),HQ))) (by 63)) 

> i f ip(^> Q) + p{Q. Q)^ (by 63) and 63) 



2 V2 

>\[p{P.Q)+p{Q:Q) 

>\p{P,Q) (by 631)) 

Hence is bilipschitz. □ 



A calculation shows that for r' — r\/r^+l an inverse function is given by 



' V4r2 + 1 - 1 



Define a{r) ~ ^ys^+l, that is 

a{r) = y ^ . 

It is easily verified that a(r) is asymptotic to ^/r. Also, since a{r) is continuous and 
a(r) > 1 for r > it is clear that b{r)/a{r) is bounded in any bounded neighborhood 
of 0. Hence, by Lemma [4.21 Sa is quasi- isometric in to the Margulis region Tg. 
We will show that the bilipschitz map h in Proposition l4.3l maps the horoball B onto 
Sa- Hence, composing the quasi-isometry / from Lemma 14.21 with the bilipschitz 
map h results in a quasi-isometry of H"* mapping the horoball B to the Margulis 
region. 

In order to simplify notations we employ the standard cylindrical coordinates 
< r,ip, z > instead of the Cartesian coordinates {x,y,z). The image of the horo- 
sphere U of height 1 (the boundary of B) under h is the set 



\^\{x,y,z,l) : A = V^^+V^ + l} 

= I < Ar, -0, Az, A > : A = \/r^ + l| 
= {< r', z', u >: u' = a{r')} 
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Hence 

h{B) = {{x,y,z,u) : u > a{y/x^+y^)} 
that is, h{B) = Sa- We have proved: 

Corollary 4.4. Let g be an irrational screw parabolic element of bounded type. 
Then the Margulis region Tg is quasi-isometric to a (closed) horoball in M*. 

In [Kim 11] it is shown that two irrational screw parabolic elements are not con- 
jugate to each other by any quasi-isometry of H^. However, Corollary 14.41 implies, 
in the bounded type case, that the corresponding Margulis regions of two such 
elements are quasi-isometric. 

References 

[Apa85] B. N. Apanasov, Cusp ends of hyperbolic manifolds, Ann. Global Anal. Gcom. 3 (1985), 
no. 1, 1-11. 

[BasOO] Ara Basmajian, Quasiconformal mappings and geodesies in the hyperbolic plane, In the 

tradition of Ahlfors and Bers (Stony Brook, NY, 1998), Contemp. Math., vol. 256, Amer. 

Math. Soc, Providence, RI, 2000, pp. 1-4. 
[Bea83] Alan F. Beardon, The geometry of discrete groups. Graduate Texts in Mathematics, 

vol. 91, Springer- Verlag, New York, 1983. 
[Bow93] B. H. Bowditch, Geometrical finiteness for hyperbolic groups, J. Funct. Anal. 113 (1993), 

no. 2, 245-317. 

[Coo95] Daryl Cooper, Quasi-isometries of hyperbolic space are almost isometrics, Proc. Amer. 

Math. Soc. 123 (1995), no. 7, 2221-2227. 
[Erll2] Viveka Erlandsson, The margulis region in H*, Ph.D. Thesis (2012). 
[Kimll] Youngju Kim, Quasiconformal stability for isometry groups in hyperbolic 4-space, Bull. 

Lond. Math. Soc. 43 (2011), no. 1, 175-187. 
[Mas88] Bernard Maskit, Kleinian groups, Grundlehren der Mathematischen Wissenschaften 

[Fundamental Principles of Mathematical Sciences], vol. 287, Springer- Verlag, Berlin, 

1988. 

[Oht85] Hiromi Ohtake, On discontinuous subgroups with parabolic transformations of the Mobius 

groups, J. Math. Kyoto Univ. 25 (1985), no. 4, 807-816. 
[PZll] Carsten Petersen and Saeed Zakeri, Complex dynamics, irrational rotations, and surgery. 
[Shi63] Hideo Shimizu, On discontinuous groups operating on the product of the upper half 

planes, Ann. of Math. (2) 77 (1963), 33-71. 
[Sus02] Perry Susskind, The Margulis region and continued fractions. Complex manifolds and 

hyperbolic geometry (Guanajuato, 2001), Contemp. Math., vol. 311, Amer. Math. Soc, 

Providence, RI, 2002, pp. 335-343. 

Department of Mathematics, The City University of New York, Graduate Center, 
New York, NY 10016 

E-mail address: verlaiidssoiiOgc.cuiiy.edu 



